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I. INTRoDUCTIoN 
In recent years, based on the probabilistic interpretation of the 
invariance method due to Ambarzumian, Sobolev [S, lo] obtained the 
functional equations for the probabilities of quantum escape from a 
finite homogeneous medium. In a preceding paper [El, a pair of the 
integro-differential equations for the probability distributions of the 
photon emergence from a finite medium of arbitrary stratification was 
derived from the Chapman-Kolmogoroff equation in somewhat modified 
forms. The stochastic equation for the case of semi-infinite inhomogeneous 
medium has been given by Sobolev [9]. With the aid of finite Laplace 
transform of the system, the emergent intensities of diffusely reflected 
and transmitted radiations were obtained [cf. 121. The diffusely reflected 
intensity for monodirectional illumination of the lower boundary reduces 
to that given by Bellman and Kalaba [l]. 
Recently, based on the principle of invariant imbedding, Bellman, 
Kalaba, and Wing [cf. 1, 2, 3 and 41 applied ingeniously functional 
equation technique to a number of mathematical models of stochastic 
processes. The merit of the invariant imbedding for radiatil?e transfer 
consists in that the scattering and transmission functions can directly 
be obtained without passing through the intermediate step of the photon 
emergence probability. On the other hand, however, in virtue of the 
emission probability, the emergent intensity for any energy source acting 
in the medium can be easily obtained. 
In the present note, making use of invariant imbedding technique, 
we derive the basic set of the stochastic integro-differential equations 
for the probability distributions of photon emergence from the plane- 
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parallel inhomogeneous medium of finite optical thickness TV. .i half OI 
the system is new. 
Ml’hile in imbedding processes for the reflected .md transmitted fluse< 
and for the probability distributions of the above flares in one-dimensional 
neutron transport theory the length of the rod was treated as an essential 
parameter of the process, in the case of the internal fluxes an attention 
was focussed upon a point, interior to the rod, having suppressed the 
boundar>r-dependence. In our some case, howe\rer-, we treated not onl!- 
the optical thickness t1 but also the optical depth T (0 < T < TJ as an 
essential variable of the problem. This is done only in the case of thr 
level TV -- T in place of the level T. 
By imbedding this process within an appropriate family of processeh 
the requisite stochastic equations are obtained as the functional relation- 
ship existing among the \-arious processes of the class. The basic set 
of the stochastic equations thus obtained corresponds probabilisticall) 
to a complete set of the principles of invariance given by Chandrasekhar 
Ej for the case of finite homogeneous medium. 
Consider the diffuse reflection and transmission of a parallel beam 
of radiation by a plane-parallel, finite and inhomogeneous medium with 
isotropic scattering. \\‘e assume that the lower boundary z = z1 is 
illuminated by axiallJ7 symmetric radiation at an angle cos-l !(,,(O < /to < 1) 
with the inward normal. 1Ve wish to determine what happens when a 
photon falls on the surface 7 = TV of the medium. This photon will br 
called a source photon. 
Let p(p; 7, q) (or P(p; q - T, T&) (0 < ,I& < 1) be the probabilit>- 
that a photon starting downwards at the level 7 (or z1 - 7) (0 ,< T < 74 
will emerge from the surface T = tt in the direction -- /L over all time, 
due to the source photon at time zero at T = ‘TV. Similarly, let q(p ; 7, 74 
(or q(p; T1 - T, tJ) (0 < ~1 < 1) be the probability that a photon starting 
upwards at the level T (or r1 - t) (0 < t < tJ will emerge from the 
surface t = 0 in the direction + /l over all time, clue to the source photon 
at time zero at 7 = 71. In the above cases the terms “upwards” and 
“downwards” mean respectivel! the directions towards the surfaces 
T = 0 and t = tl. 
The probability that a photon will suffer absorption in an infinitesimal 
interval of the optical depth A7 is taken to be (Jt/p) + o(At) and the 
probability that it can pass through an infinitesimal interval At without 
this occurence is 1 - (dt/,~) + o(d-c). All processes which have been 
neglected involve terms of at least A-$, and are taken into account in 
the terms o(A7). 
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The probability of photon emergence from the layer of the optical 
thickness tr + dr, i.e. $(,u; t, tl + dz), is the sum of three terms, to 
within terms with probabilities of order zero and one in At. X source 
photon crossing an optical depth interval (tr + AT, zr) without absorption 
will give rise to the photon reflection in the direction - ;l from the remain- 
ing medium of the optical thickness zr. Then, a reflected photon from 
the medium of the optical thickness tr may be scattered forward in the 
direction - ,U in the optical depth interval (71, TV + At). Furthermore, 
a source photon absorbed in the optical depth interval (tr + At, tr) 
and then re-emitted backward in the direction - ,IC will gi\re a component 
towards the total intensity emergent from T = tr. All other processes 
lead to terms of at least second order in At. 
.UIowing for these foregoing eventualities, we get 
(2.1) 
Passage to the limit as dz ---f 0 provides the stochastic integro- 
differential equation 
Equation (2.2) is similar in form to the recurrence relation governing 
the probability distribution for the reflected fIux [cf. 31. 
By employing reasoning similar to the above, it is readily shown that 
Letting 3s - 0, the limiting equation is 
For the transmission probability y( ,U , t, tJ, following the procedure 
similar to that given in the above and taking into account the diffuse 
reflection at the lower boundary T = tl, we see that 
By letting AT + 0, we obtain the stochastic equation 
Similarly, 
LIT 
;;- q(p; Tl - 2 - LIT, tJ + o(dt). 
Passing to the limit Alt - 0, we get 
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It is easily shown that in a manner similar to that given in a preceding 
paper [12] an another set of photon diffusion equations governing 
the emergence probabilities are derived from the probabilistic viewpoint : 
f’(,U ; Z, TI) = t%(Z)&{fi(/l; t’, T,)) + 6;j(t)e+I --)‘p, (2.9) 
$(p; 71 - 7, 71) = ~?(t, - 7)&@(jl ; Tl - t’, 71)} i- U)(T1 - T)tda, (2.10) 
q(p; 7, 71) = W(r).l,(q(p ; z’, Zl> + fi(t)e-‘y (2.11) 
q(jl; r1 - 7, rl) = qt, - +i&(/1; tl - t’, T2)j + fifr, - +- (T+J~, 
(2.12) 
where C?J is the albedo for single scattering and .‘i is the truncated Hopf 
operator 
=I . 
.ir{/(Tr)} = ;\ f(t’)E,(lt’ - tl) dr’. 
I) 
In Eq. (2.13) E,( ) t is the first exponential integral 
(2.13) 
1 . 
E,(z) = 
1 
e- rip $ . (2.14) 
CJ 
Putting 
Eqs. (2.2) and (2.6) expressed in terms of Eq. (2.15) are equal respect- 
ively to Eqs. (14) and (11) in the preceding paper [El. So far as we 
know, Eqs. (2.4) and (2.8) are new. In our subsequent paper these equa- 
tions will be given in a Markovian fashion. 
In her recent personal communication Miss Busbridge wrote me 
that, while to her thinking the proofs of the existence of the X- and 
I’-functions in her new Tract [6] can easily be extended to cover our 
solutions in the inhomogeneous case, the main difficulty lies in the 
computation of the functions involved. 
In the homogeneous case Eqs. (2.2), (2.4), (2.6), and (2.8) reduce 
to those given in the preceding [ll, 131, and Eqs. (2.4) and (2.6) reduce to 
those yielded by Sobolev [lo]. The substitution of Eqs. (2.4) into Eq.( 2.6) 
in the homogeneous case provides the functional equation given by 
Busbridge [5] and Sobolev [S], respectively. 
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